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Abstract
We study the volumes volume(D) of a domain D and volume(C) of a hypersurface C obtained by a motion
along a submanifold P of a space form Mnλ . We show: (a) volume(D) depends only on the second fundamental
form of P , whereas volume(C) depends on all the ith fundamental forms of P , (b) when the domain that we
move D0 has its q-centre of mass on P , volume(D) does not depend on the mean curvature of P , (c) when D0 is
q-symmetric, volume(D) depends only on the intrinsic curvature tensor of P ; and (d) if the image of P by the ln of
the motion (in a sense which is well-defined) is not contained in a hyperplane of the Lie algebra of SO(n− q − d),
and C is closed, then volume(C) does not depend on the ith fundamental forms of P for i > 2 if and only if the
hypersurface that we move is a revolution hypersurface (of the geodesic (n − q)-plane orthogonal to P ) around a
d-dimensional geodesic plane.
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1. Introduction
In [14], Weyl gave a formula for the volumes of a tube and a tubular hypersurface around a
submanifold P of the Euclidean space and the sphere. First he obtained a formula for the volume which
shows it depends only on the second fundamental form of P and the radius of the tube. Then, he applied
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230 M.C. Domingo-Juan, V. Miquel / Differential Geometry and its Applications 21 (2004) 229–251invariant theory to show that, in fact, the dependence on P reduces to a dependence on the intrinsic
geometry of P (see [6] for a modern approach and further references).
In [7], Gray and the second author initiated a way, via Pappus type theorems, to get a deeper
understanding of these formulae. The starting point was the computations by Goodman and Goodman
in [4] (completed by Pursell and Flanders in [11] and [3]) generalizing Pappus formulae for the volume
of a domain (or a surface) in R3 obtained by the motion of a plane domain (or a plane curve) along a
curve in R3. In [7], all these formulae were generalized to simply connected space forms Mnλ of constant
sectional curvature λ and arbitrary dimension n. Given a curve c(t) in Mnλ , let P0 be the totally geodesic
hypersurface of Mnλ through c(0) and orthogonal to c(t), let D0 be a domain of P0 and let C0 be a
hypersurface of P0, and let D and C be, respectively, the domain and the hypersurface of Mnλ obtained
by a motion along c(t) of D0 and C0, respectively. In [7] it is shown that:
(a) volume(D) depends only on the first curvature of c(t), and not on the other ith curvatures;
(b) if the centre of mass of D0 is on the curve, then volume(D) does not depend on the motion nor on
the curvature of c(t), only on the length of c(t) and the geometry of D0;
(c) for parallel motions, it is still true for volume(C) that it depends only on the length of c(t) and the
geometry of C0 when c(0) is the centre of mass of C0.
In [2], Gual and the authors studied volume(C) in more detail, and showed, among others, that,
(d) for most motions, the above nice property of volume(C) only holds if C0 is contained in a geodesic
sphere, that is, if C is very similar to a tubular hypersurface.
In conclusion: all the nice properties of the Weyl’s formula remain for motions along curves if we
move domains with the centre of mass on the curve, and, for hypersurfaces, this happens essentially only
with parallel motions.
In this paper we complete this study by considering motions along submanifolds P of Mnλ of dimension
q  2, which was the original (and more complicated) setting of Weyl’s tube formula. First, we define
what we understand by a motion along a submanifold (we will define also tubes of nonspherical section
at the end of Section 2). Then, we shall obtain a formula for volume(D) (Theorem 3.1) when D is a
domain obtained by the motion along P of a domain Dp contained in the totally geodesic submanifold
M
n−q
λp of Mnλ through p ∈ P of dimension n−q tangent to the vector space NpP normal to P at p. From
this formula we get:
(a′) volume(D) depends on the second fundamental form of P , but not on the successive ith
fundamental forms for i > 2;
(b′.i) if p is the q-centre of mass of Dp , then volume(D) does not depend on the mean curvature of P ,
and, if Dp is central symmetric with respect to p, then volume(D) does not depend on the (2i+1)th
mean curvatures of P (see Section 4).
After this remark, we introduce the concept of q-symmetry with respect to a point p (Definition 4.2)
of a domain Dp ⊂ Mn−qλp . It is an “integral symmetry” which generalizes the concept of centre of mass
(Dp is 1-symmetric with respect to p if and only if p is the centre of mass of Dp). Then we show a large
family of examples of q-symmetric domains (Proposition 4.3). Our main result in this context is a Weyl’s
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is that
(b′.ii) when Dp is q-symmetric with respect to p, volume(D) depends only on Dp and the intrinsic
geometry of P .
This completely solves the question of the influence of the ball-like shape of the section of a tube
around a submanifold P on the fact that the volume of the tube depends only on the intrinsic geometry
of P : what really matters is that the sections of the tube be q-symmetric. On the other hand, the
necessity of the hypothesis of q-symmetry is shown by some simple examples given in Section 4 (before
Definition 4.2). It is also remarkable that the symmetry of Dp must increase with the dimension of P in
order to have a Weyl’s type formula for the volume.
We also obtain a formula for volume(C) (Theorem 5.1) when C is a hypersurface of Mnλ obtained by
the motion along P of a hypersurface Cp contained in Mn−qλp . From this formula we get that
(c′) in general, volume(C) depends on all the ith fundamental forms of P , but volume(C) is bigger
than some quantity depending on the second fundamental form of P and the motion. If Cp is
q-symmetric, this quantity does not depend on the motion, it depends only on Cp and the intrinsic
geometry of P , and it is an universal lower bound for volume(C) in the set of the motions of Cp
along P .
(d′) Concerning volume(C), our main results are Theorems 6.4 and 6.6. We show that for most (generic)
motions (all nonparallel motions if n − q = 2), the lower bound for volume(C) is attained only if
Cp is contained in a geodesic sphere of Mn−qλp with centre at p (Theorem 6.4(a) and Corollary 6.7).
Among the remaining motions, for most of them the lower bound is attained only if Cp is a revolution
submanifold (Theorem 6.4(b)). The precise statement of Theorem 6.4 that we shall see in Section 6
has the following intuition: “when the motion of Cp runs over all kind of rotations in SO(n−q −d),
if volume(C) attains its lower bound, then there is an action of SO(n − q − d) over Cp with orbits
of codimension d”. Moreover, in Theorem 6.6 we characterize a pair (motion ϕ, hypersurface Cp)
on which volume(C) attains its lower bound.
Now, some notation:
M will denote an arbitrary Riemannian manifold of dimension n, and P will be a regular submanifold
of M of dimension q.
NP will denote the normal bundle of P in M , and W will be the maximal neighborhood of P in NP
on which the exponential map, exp, is a diffeomorphism.
D will denote the normal connection on NP induced by the Levi-Civita connection ∇ on M .
Let p be a fixed point of P . Ppt will denote the D-parallel transport from p to α(t) along some
geodesic α(t) of P satisfying α(0) = p.
For every x ∈ P , and every unit N ∈ NxP , LN will denote the Weingarten map of P at x in the
direction of N .
For every x ∈ P , τt will denote the ∇-parallel transport from x along some geodesic of the form
expx tw, with w ∈NxP and |w| = 1.
rx(z) = dist(x, z), where dist is the distance in M , x ∈ P and z ∈ expx(W ∩NxP ). In this situation,
the distance to x in M is the same that the distance to x in expx(W ∩NxP ).
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The symbol ( ′ ) will denote the usual derivative for a function from R to R, the tangent vector for a
curve in Mnλ , and the covariant derivative for a vector field along a curve.
For every λ ∈ R, sλ :R → R will denote the solution of the equation s′′ + λs = 0 with the initial
conditions s(0) = 0 and s′(0) = 1; and cλ = s′λ.
Mnλ will denote a simply connected space form of dimension n and constant sectional curvature λ.
For any x ∈ P , Mn−qλx will denote the totally geodesic submanifold through x, of dimension n − q,
tangent to NxP . For each y ∈ Mn−qλx , Ny(x) will denote the unit vector at x tangent to the minimizing
geodesic from x to y.
Given any subset F of a hypersurface Cp of Mn−qλp , BdF (respectively IntF ) will denote the
topological boundary (respectively interior) of F in Cp.
2. Motion along a submanifold and tubes of nonspherical section
Definition 2.1. A motion from p along P is a family of diffeomorphisms {φx :Op ⊂ expp(W ∩NpP ) →
Ox ⊂ expx(W ∩NxP )}x∈P , where the Ox are open sets in expx(W ∩NxP ), satisfying:
(a) each φx∗p is an isometry of Euclidean vector spaces,
(b) each φx carries the geodesics through p into geodesics through x, with φp = Id, the identity map,
and
(c) the map φ :P × expp(W ∩NpP ) →W defined by φ(x, ξ) = φx(ξ) is C∞.
Taking ϕx = φx∗p, a motion can also be equivalently defined as a family of maps {ϕx :NpP →
NxP }x∈P satisfying:
(a′) each ϕx is a linear isometry, ϕp = Id, and
(b′) the map ϕ :P × (NpP ) →NP defined by ϕ(x, ξ) = ϕx(ξ) is C∞.
The maps φx and ϕx are related by
(2.1)ϕx = φx∗p and φx = expx ◦ϕx ◦ exp−1p .
Obviously, the map ϕ is a vector bundle isomorphism, then the existence of a motion along a
submanifold P implies that the normal bundle is trivial. This is not a breakdown for us, because we
are interested in the computation of volumes, and, if NP is not trivial, we can always subtract from P a
set Z of zero measure in order to have P −Z be a submanifold with trivial normal bundle (nevertheless,
see the definition of tube of nonspherical section at the end of this section, and the remarks done there).
Usually, the motion will be described either by the map φ, or by the map ϕ of Definition 2.1.
Let us remark that for M = Mnλ , the subsets expx(W ∩NxP ) are totally geodesic submanifolds of Mnλ ,
and the maps φx are isometries.
Now, we shall consider a domain Dp or a hypersurface Cp contained in an open set Op of
expp(W ∩ NpP ). Given a motion φ from p along P , we shall denote by D or C the domain or the
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D =
⋃
x∈P
φx(Dp) = φ(P ×Dp), C =
⋃
x∈P
φx(Cp)= φ(P ×Cp).
The following example of motion will play an special role in Section 6. If every x ∈ P can be joined
to p by a unique minimizing geodesic α(t) of P with α(0) = p and α(p(x)) = x, then we define the
motion {ϕpx }x∈P by
ϕpx (u) = Ppp(x)(u) for every u ∈NpP.
This motion will be called the radial motion from p.
Given any motion ϕ, every unit vector u ∈ NpP defines a unit normal vector field Nu on P by
Nu(x) = ϕx(u).
A parallel motion is a motion satisfying that for every x ∈ P , every X ∈ TxP and every unit vector
u ∈NpP , DX(Nu) = 0. This motion exists if and only if the D-holonomy of the normal bundle is trivial,
and, if so, it coincides with the radial motion.
A tube (respectively a tubular hypersurface) of radius r  c(P ) around P in M can be described as
the image by exp of certain fiber subbundle of NP by
Pr = exp
(NP(r)) (respectively ∂Pr = exp(SNP(r))),
where NP(r) = {v ∈ NP ; |v|  r} and SNP(r) = {v ∈ NP ; |v| = r}. That is, the tube Pr
(respectively the tubular hypersurface ∂Pr ) is the image by the exponential map of a subbundle of NP
with standard fiber a ball (respectively a sphere) of Rn−q . Then, if we look for tubes of nonspherical
section, the following is the natural
Definition 2.2. Let D0 (respectively C0) be a domain (respectively a hypersurface) in Rn−q . A tube PD
(respectively a tubular hypersurface PC ) of section D0 (respectively C0) around a submanifold P of a
Riemannian manifold M is the image by the exponential map of M of the subbundle D (respectively C)
of NP with standard fiber D0 (respectively C0).
It follows from this definition that PD (respectively PC) exists if and only if there is a reduction of
the structural group O(n − q) of NP → P to the group G = {ψ ∈ O(n − q) such that ψ(D0) = D0}
(respectively ψ(C0) = C0). In particular, if D0 (respectively C0) has no symmetry, PD (respectively PC )
only exists on submanifolds P with trivial normal bundle.
Let {(U,β)} be an atlas of the vector bundle π :NP → P with transition functions in G. Then, every
chart β :π−1(U) → U ×Rn−q defines, for each p ∈ U , a map
pϕ :U ×NpP →NP |U by pϕx(ξp) = β−1
(
x,π2
(
β(ξp)
))
,
which is a motion along U from p in the sense of Definition 2.1.
Then, a tube of section D0 is locally obtained by the motion of some Dp image by the exponential
of M of a Dp ⊂NpP isometric to D0. A similar fact is true for tubular hypersurfaces. Thanks to these
facts, the formulae for volume(D) and volume(C) in Sections 3, 4, and 5 are also valid for volume(PD)
and volume(PC). There is also an obvious corresponding statement for tubes of Theorem 6.3 using the
charts of NP .
From now on M = Mnλ . Then the φx are isometries.
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The volume of D can be computed following the arguments in [6] for the volume of a tube. However,
in order to have an unified approach to the computations of the volumes of D and C (where the methods
of [6] fail), we shall do a detailed derivation of a formula for volume(D).
Theorem 3.1. Let D be the domain in Mnλ obtained by the motion φ of a domain Dp of Mn−qλp along P .
If dx and dz are, respectively, the volume elements of P and Dp, then
volume(D)=
∫
P
(∫
Dp
det
(
cλ
(
rp(z)
)
Id − sλ
(
rp(z)
)
LNφx(z)(x)
)
dz
)
dx.
Proof. The motion φ restricted to P × Dp is a diffeomorphism φ :P × Dp → D which (cf. (2.1)) has
the expression
(3.1)φ(x, expp µ) = φx(expp µ) = expx ϕx(µ).
Let {e1, . . . , eq} be an orthonormal basis of TxP , and let {eq+1, . . . , en} be an orthonormal basis of
Texpp µDp = τ|µ|NpP . Let us denote by ω the volume element of D (that is, the volume element of M),
then
φ∗ω = φ∗ω(e1, . . . , eq, eq+1, . . . , en)dx ∧ dz
= ω(φ∗e1, . . . , φ∗eq, φ∗eq+1, . . . , φ∗en)dx ∧ dz
= |φ∗e1 ∧ · · · ∧ φ∗eq ∧ φ∗eq+1 ∧ · · · ∧ φ∗en|dx ∧ dz,
where the last expression is the norm of the exterior product defined in the standard way (see, for instance,
[10]).
For 1 a  q, if ca is a curve in P satisfying c′a(0) = ea,
φ∗(x,expp µ)ea =
d
dt
expca(t) ϕca(t)(µ)
is the value at |µ| of the Jacobi field Ya(t) along expx tϕx(u), with u = µ/|µ|, satisfying Ya(0) = ea and
Y ′a(0) = ∇eaNu (cf. [12]), that is, φ∗ea = Ya(|µ|). It is easy to check that
Ya(t) = cλ(t)τt ea + sλ(r)τt∇eaNu.
On the other hand, since φx is an isometry and {eq+1, . . . , en} is an orthonormal basis of Texpp µDp , the
vectors
ei := φ∗(x,expp µ)ei = φx∗expp µei, q + 1 i  n
are an orthonormal basis of Tφx(expp µ)Dx .
Then, from the skewsymmetry of the exterior product,
(φ∗ω)(x,expp µ) =
∣∣Y1(|µ|)∧ · · · ∧ Yq(|µ|)∧ eq+1 ∧ · · · ∧ en∣∣dx ∧ dz
= ∣∣(cλ(|µ|)τ|µ|e1 + sλ(|µ|)τ|µ|(∇e1Nu))∧ · · ·
∧ (cλ(|µ|)τ|µ|eq + sλ(|µ|)τ|µ|(∇eqNu))∧ eq+1 ∧ · · · ∧ en∣∣dx ∧ dz,
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−LNuea and, again, the skewsymmetry of the exterior product, we have∣∣(cλ(|µ|)τ|µ|e1 + sλ(|µ|)τ|µ|(∇e1Nu))∧ · · ·
∧ (cλ(|µ|)τ|µ|eq + sλ(|µ|)τ|µ|(∇eqNu))∧ eq+1 ∧ · · · ∧ en∣∣dx ∧ dz
= det(cλ(|µ|)Id − sλ(|µ|)LNu)|τ|µ|e1 ∧ · · · ∧ τ|µ|eq ∧ eq+1 ∧ · · · ∧ en|
= det(cλ(|µ|)Id − sλ(|µ|)LNu).
Since |µ| = rx(expx ϕx(µ)) = rp(expp µ), we have
volume(D)=
∫
D
ω =
∫
P×Dp
φ∗(ω)=
∫
P×Dp
det
(
cλ
(
rp(z)
)
Id − sλ
(
rp(z)
)
LNφx(z)
)
dx ∧ dz
which finishes the proof of the theorem. 
4. Consequences of Theorem 3.1 and a Weyl type formula for motions
An interesting consequence of Theorem 3.1 is that volume(D) depends only on the second
fundamental form of P and not on the (k + 1)th fundamental forms for k  2 (we call (k + 1)th
fundamental form to the k + 1 symmetric covariant tensor sk defined in [13, p. 235 ff]). The nontriviality
of this statement will be clear when we show, in Section 5, that volume(C) generally depends on all the
(k + 1)th fundamental forms.
Developing the determinant in the formula for the volume(D) in Theorem 3.1, we have
Corollary 4.1. Under the conditions of Theorem 3.1, if dy denotes the volume element of Dx ,
volume(D)= volume(P )
∫
Dp
c
q
λ
(
rp(z)
)
dz
− q
∫
P
Hx
(∫
Dx
c
q−1
λ
(
rx(y)
)
sλ
(
rx(y)
)〈
h,Ny(x)
〉
dy
)
dx
+
q∑
i=2
(−1)i
(
q
i
)∫
P
(∫
Dx
siλ
(
rx(y)
)
c
q−i
λ
(
rx(y)
)
HiNy(x) dy
)
dx,
where HiNy(x) is the ith mean curvature of P in the direction of Ny(x), and Hx (respectively h) is the
norm (respectively the unit vector in the direction) of the mean curvature vector of P at x.
As a function of u = Ny(x), HiNy(x) is a homogeneous polynomial of degree ith on u, then, if Dp is
central symmetric with respect to p, the terms corresponding to i odd vanish, and volume(D) depends
only on the ith mean curvatures of P of order even. Now we are going to see that, for general Dp , we can
still choose p in Dp such that volume(D) does not depend on H := H 1. For it, we generalize slightly the
notion of centre of mass by that of q-centre of mass.
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which the function p → ∫B d(p, z)2 dz attains its minimum value”. When λ = 0, we define the q-centre
of mass as the point x0 where the function
F :p → −λ
∫
B
c
q
λ
(
rp(z)
)
dz
attains its minimum value (when q = 1, this is the center of mass defined in [8]). For every ζ ∈ TpMn−qλp ,
(4.2)〈gradF(p), ζ 〉= −qλ2 ∫
B
c
q−1
λ
(
rp(z)
)
sλ
(
rp(z)
)〈
Nz(p), ζ
〉
dz,
which has to vanish if p is a minimum. Moreover
HessF(p)(X,X)= qλ2
∫
B
c
q−2
λ
(
rp(x)
)(
c2λ
(
rp(x)
)− λ(q − 1)s2λ(rp(x)))〈X,∂r〉2 dx
(4.3)+ qλ2
∫
B
c
q
λ
(
rp(x)
)|X⊥|2 dx,
where ∂r is the gradient of the function rp and X⊥ is the component of X orthogonal to ∂r . Then, a
standard argument (see, for instance, [1, Chapter 8] or [9]) shows that the q-centre of mass exists if B
has compact closure (and is contained in a ball of radius 12z+(c2λ(r(x)) − λ(q − 1)s2λ(r(x)) if λ > 0).
It follows from this definition and formula of Corollary 4.1 for volume(D) that if p is the q-centre of
mass of Dp , then volume(D) does not depend on the mean curvature of P , it depends only on the higher
order mean curvatures. This generalizes Theorem 1 and its corollary in [7] to higher dimensions.
The situation looks different from that of Weyl’s Theorem (and from that of Pappus formulae for
motions along curves), where the volume of a tube depends only on the radius and the intrinsic geometry
of P . Here, the analogous result would be that volume(D) depends only on Dp and the intrinsic geometry
of P , but, using formula of Corollary 4.1, it is easy to find examples showing the this is no longer true,
even if we take Dp central symmetric. For instance, if I = ]0,2π [, we consider the isometric embeddings
ji : I
2 → R4, i = 1,2, defined by j1(u, v) = (u, v,0,0) and j2(u, v) = (cosu, sinu, cos v, sinv), Dp =
]−a,0[2 ∪ ]0, a[2, we put Dp on the normal bundle of each ji(I 2) with the point (0,0) at the 0 section
and with the canonical basis of R2 identified with the basis {(0,0,1,0), (0,0,0,1)} for i = 1, and with
{(cosu, sinu,0,0), (0,0, cos v, sinv)} for i = 2. If Di is the domain obtained by the parallel motion
of Dp along ji(I 2), then volume(D1) = volume(D2), although j1(I 2) and j2(I 2) are isometric (but with
different second fundamental form).
However, we still have an analogue of Weyl’s Theorem if Dp has enough symmetries. Let us introduce
the notation
I (i1, j1, . . . , is, js) =
∫
Dp
sbλ
(
rp(z)
)
c
q−b
λ
(
rp(z)
)
Nz(p)
j1
i1
· · ·Nz(p)jsis dz,
0 j1 + · · · + js = b  q,
where Nz(p)i denotes the ith coordinate of the unit vector Nz(p) in a given orthonormal basis of NpP .
From now on, a chain of inequalities of the form i1 = · · · = is will mean that ik = i if k = .
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orthonormal basis {eq+1, . . . , en} of NpP such that following identities are satisfied:
(i) I (i1, j1, . . . , is, js) = 0 if i1 = · · · = is and some of the j1, . . . , js are odd, and
(ii) I (i1,2j1, . . . , is,2js) = 2j1)...2js)2b) I (1,2b) if i1 = · · · = is and 1  j1 + · · · + js = b  q/2, where
2j) = 1 3 5 . . . (2j − 1).
Let us remark that Dp is 1-symmetric with respect to p if and only if p is the 1-centre of mass of Dp.
The next proposition gives a big family of examples of q-symmetric domains which are not geodesic
spheres. Given a basis {eq+1, . . . , en} of NpP , let Πi be the hyperplane through the origin orthogonal
to ei , and let Πik be the subspace through the origin of dimension n − q − 2 and orthogonal to ei
and ek . By a rotation of axis Πik we shall understand an isometry of NpP preserving the orientation
and having Πik as the set of fixed points.
Proposition 4.3. If a domain Dp in Mn−qλp satisfies that there is an orthonormal basis {eq+1, . . . , en} of
NpP such that
(i) exp−1p (Dp) is invariant by each one of the n− q symmetries with respect to Πi, q + 1 i  n, and
(ii) exp−1p (Dp) is invariant by each one of the rotations with axis Πik and angle π/(2b), b = 1, . . . , [q/2],
with q + 1 i, k  n, i = k,
then Dp is q-symmetric with respect to p.
Proof. The condition (i) in Definition 4.2 follows from the condition (i) of this proposition.
Let Rijθ be the rotation induced on Mn−qλp by the rotation of axis Πik and angle θ in NpP . Since
det(Rikθ∗) = 1 and rp(Rikθ (z))= rp(z),∫
Rikθ (Dp)
s2bλ
(
rp(z
′)
)
c
q−2b
λ
(
rp(z
′)
)
Nz′(p)
2j1
i1
· · ·Nz′(p)2jsis dz′
=
∫
Dp
s2bλ
(
rp(z)
)
c
q−2b
λ
(
rp(z)
)
NRikθ (z)(p)
2j1
i1
· · ·NRikθ (z)(p)2jsis dz.
Let α = cos θ , β = sin θ , then, for 1  s,
NRikθ (z)(p)i =

Nz(p)i if i /∈ {i, k},
αNz(p)i − βNz(p)k if i = i,
βNz(p)i + αNz(p)k if i = k,
then if Dp is invariant by Rikθ , from the above integral equality and condition (i) of Definition 4.2, we
have, for every i, k, with k /∈ {i1, . . . , i, . . . , is},
I (i1,2j1, . . . , i,2j, . . . , is,2js)
=
∫
D
s2bλ
(
rp(z)
)
c
q−2b
λ
(
rp(z)
)
Nz(p)
2j1
i1
· · · (αNz(p)i − βNz(p)k)2j · · ·Nz(p)2jsis dz
p
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j∑
r=0
(
2j
2r
)
α2j−2rβ2r I (i1,2j1, . . . , i,2j − 2r, . . . , k,2r, . . . , is,2js).
Since Dp satisfies the condition (ii) of this proposition, (4.4) holds for θc = π/(2c), αc = cos θc and
βc = sin θc, c = 1, . . . , j. Then, using that (α2c + β2c )j = 1, we get the equations
j∑
r=1
α2j−2rc β
2r
c
((
2j
2r
)
I (i,2j − 2r, k,2r) −
(
j
r
)
I(i,2j)
)
= 0, c = 1, . . . , j,
where I (i,2j − 2r, k,2r) := I (i1,2j1, . . . , i,2j − 2r, . . . , k,2r, . . . , is,2js) and I(i,2j) = I (i1,2j1,
. . . , i,2j, . . . , is,2js). This is a homogeneous system of j linear equations in the j unknowns(2j
2r
)
I(i,2j − 2r, k,2r)−
(
j
r
)
I (i,2j), r = 1, . . . , j. Using the notation ac = (βc/αc)2, the determinant
of the coefficients is∣∣∣∣∣∣∣∣∣
0 . . . 0 1
α
2j−2
2 β
2
2 . . . α
2
2β
2j−2
2 β
2j
2
...
. . .
...
...
α
2j−2
j
β2j . . . α
2
j
β
2j−2
j
β
2j
j
∣∣∣∣∣∣∣∣∣= (−1)
j+1α2j2 · · ·α2jj a2 · · ·aj
j−2∏
k=1
j−k∏
i=2
(ai+k − ai) = 0,
then (
2j
2r
)
I(i,2j − 2r, k,2r) −
(
j
r
)
I(i,2j)= 0,
and
I(i,2j − 2r, k,2r) = 2r)2(j − r))2j) I(i,2j).
By recurrence,
I (i1,2j1, . . . , is−1,2js−1, is,2js) = 2js−1)2js)2(js−1 + js))I
(
i1,2j1, . . . , is−2,2js−2, is−1,2(js−1 + js)
)
= · · · = 2js)2js−1)2js−2) · · ·2j1)
2(j1 + · · · + js)) I
(
i1,2(j1 + · · · + js)
)
.
On the other hand, using the invariance of Dp by a rotation of angle π2 , it follows the equality
I (i1,2b) = I (1,2b). Then, condition (ii) of Definition 4.2 is also satisfied. 
In the next theorem, we shall use the following notation, taken from [5].
If RP and RMnλ are the curvature tensors of P and Mnλ , respectively, and Ai , Bi are vectors tangent
to P , (
RP −RMnλ )s(A1 ∧ · · · ∧A2s)(B1 ∧ · · · ∧B2s)
=
∑
π,σ∈Q˜s
πσ
(
RP −RMnλ )
Aπ(1)Aπ(2)Bσ(1)Bσ(2)
· · · (RP −RMnλ )
Aπ(2s−1)Aπ(2s)Bσ(2s−1)Bσ(2s) ,
where Q˜s = {σ ∈ S2s; σ (2t − 1) < σ(2t), t = 1, . . . , s}.
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Ct
((
RP −RMnλ )s)(A1 ∧ · · · ∧A2s−t )(B1 ∧ · · · ∧B2s−t )
=
q∑
a=1
Ct−1
((
RP −RMnλ )s)(A1 ∧ · · · ∧A2s−t ∧Ea)(B1 ∧ · · · ∧B2s−t ∧ Ea),
where Ea is a local orthonormal frame of P .
Finally, the invariant k2b(RP −RMnλ ) is defined by
k2b
(
RP −RMnλ )= 1
b!(2b)!
∫
P
C2b
((
RP −RMnλ )b)dz.
When λ = 0, the k2b are, up to some constants, the coefficients in the classical Weyl’s formula for the
volume of a tube, and it is a multiple of Euler characteristic of P when 2b = q.
Theorem 4.4. Under the conditions of Theorem 3.1, if Dp is q-symmetric with respect to p, then
(4.5)volume(D)=
[q/2]∑
b=0
d2b(Dp)k2b
(
RP −RMnλ ),
where
(4.6)d2b(Dp) = 2
b
(2b)!
∫
Dp
s2bλ
(
rp(z)
)
c
q−2b
λ
(
rp(z)
)
Nz(p)
2b
1 dz.
Proof. We can write the formula in Corollary 4.1 under the form
volume(D)=
q∑
s=0
∫
P
(∫
Dx
ssλ
(
rx(y)
)
c
q−s
λ
(
rx(y)
)
Ψsx
(
Ny(x), . . . ,Ny(x)
)
dy
)
dx,
where Ψs is the symmetric s-tensor field satisfying
(−1)s
(
q
s
)
HsNy(x) = Ψsx
(
Ny(x), . . . ,Ny(x)
)
.
Let Ψ i1...issx be the components of Ψsx in an orthonormal basis {ϕx(eq+1), . . . , ϕx(en)}.
At any y = φx(z), we have Ny(x) = Nφx(z)(φx(p))= ϕx(Nz(p)),
Ny(x) =
n∑
i=q+1
Ny(x)iϕx(ei) = ϕx
(
Nz(p)
)= ϕx
(
n∑
i=q+1
Nz(p)iei
)
,
then Ny(x)i = Nz(p)i , and∫
ssλ
(
rx(y)
)
c
q−s
λ
(
rx(y)
)
Ψsx
(
Ny(x), . . . ,Ny(x)
)
dyDx
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n∑
i1,...,is=q+1
∫
φx(Dp)
ssλ
(
rx(y)
)
c
q−s
λ
(
rx(y)
)
Ψ i1...issx Ny(x)i1 · · ·Ny(x)is dy
=
n∑
i1,...,is=q+1
∫
Dp
ssλ
(
rp(z)
)
c
q−s
λ
(
rp(z)
)
Ψ i1...issx Nz(p)i1 · · ·Nz(p)is dz,
therefore
volume(D)=
q∑
s=0
∫
P
∑
i1,...,is
Ψ i1...issx
(∫
Dp
ssλ
(
rp(z)
)
c
q−s
λ
(
rp(z)
)
Nz(p)i1 · · ·Nz(p)is dz
)
dx.
Since Dp is q-symmetric, I (i1, j1, . . . , is, js) = 0 when j1 + · · · + js is odd. Then
volume(D)=
[q/2]∑
b=0
∫
P
∑
i1,...,i2b
Ψ
i1...i2b
2bx I (i1,1, . . . , i2b,1)dx,
but, using again that Dp is q-symmetric,∑
i1,...,i2b
Ψ
i1...i2b
2bx I (i1,1, . . . , i2b,1)
=
∑
i1 =···=is
j1+···+js=b
(2b)!
(2j1)! · · · (2js)!k1! · · · kr !Ψ
i1
2˘
j1
... i1...is
2˘
js
... is
2bx I (i1,2j1, . . . , is,2js),
where k1, . . . , kr are the numbers such that j1 = · · · = jk1 , . . . , jm1 = · · · = jmkr .
But, from the q-symmetry of Dp, using (ii) of Definition 4.2, we have∑
i1,...,i2b
Ψ
i1...i2b
2bx I (i1,1, . . . , i2b,1)
= I (1,2b)
∑
i1 =···=is
j1+···+js=b
(2b)!
(2j1)! · · · (2js)!k1! · · ·kr !
2j1) · · ·2js)
2b)
Ψ
i1
2˘
j1
... i1...is
2˘
js
... is
2bx
= I (1,2b)
∑
i1 =···=is
j1+···+js=b
(b)!
j1! · · · js!k1! · · · kr !Ψ
i1
2˘
j1
... i1...is
2˘
js
... is
2bx = I (1,2b)
∑
i1,...,ib
Ψ
i1i1...ibib
2bx ,
but it is proved in [5, pp. 223–224, before formula (7.10)] that
∑
i1,...,ib
Ψ
i1i1...ibib
2bx =
2b
((2b)!)2 C
2b(RP −RM)b
x
,
and the formula in the theorem follows from the combination of these formulae. 
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Theorem 5.1. Let C be a hypersurface in Mnλ obtained by the motion φ of a hypersurface Cp in Mn−qλp
along a submanifold P of dimension q. Let dx and dz be, respectively, the volume elements of P and Cp,
and let {ea}qa=1 be an orthonormal basis of TxP diagonalizing the Weingarten map LNφx(z)(x). Then,
(5.1)volume(C) =
∫
P
( ∫
Cp
√√√√(det(cλI − sλLN))2 + s2λ q∑
a=1
D2a dz
)
dx,
where
Da = det(cλI − sλLN)|e⊥a 〈τtDeaN, ξ¯〉,
|e⊥a denotes the restriction to the subspace of TxP orthogonal to ea , and we take the convention that
det(cλI − sλLN)|e⊥a = 1 if q = 1.
Proof. Using the motion φ restricted to P ×Cp , if η is the volume element of C, we have
volume(C) =
∫
C
η =
∫
P×Cp
φ∗η.
If {e1, . . . , eq} is an orthonormal basis of TxP satisfying dx(e1, . . . , eq) = 1, and {eq+2, . . . , en} is an
orthonormal basis of TzCp satisfying dz(eq+2, . . . , en)= 1, then, arguing like in the proof of Theorem 3.1
and using the same notation, with the only exception that now ∧ denotes the cross vector product in Mnλ ,
(5.2)(φ∗η)
(x,expp µ)
= ∣∣Y1(|µ|)∧ · · · ∧ Yq(|µ|)∧ eq+2 ∧ · · · ∧ en∣∣dx ∧ dz,
where ei = φx∗z(ei). Then, we only have to compute Y1 ∧ · · · ∧ Yq ∧ eq+2 ∧ · · · ∧ en.
If we also use ∧ to denote the cross vector product in exp(NxP ), and ξ is the unit vector normal to Cp
at z, then
(5.3)ξ = eq+2 ∧ · · · ∧ en, and ξ¯ := φx∗z(ξ) = eq+2 ∧ · · · ∧ en
is the unit vector normal to Cx in φx(z).
It is easy to check that the Jacobi fields Ya have the form
(5.4)Ya(t) = Xa(t)+Da(t),
with Xa(t) = cλ(t)τt ea − sλ(t)τtLuea ∈ τtTxP and Da(t) = sλ(t)τtDea (Nu) ∈ τtNxP .
Then
Y1 ∧ · · · ∧ Yq ∧ eq+2 ∧ · · · ∧ en = (X1 +D1)∧ · · · ∧ (Xq +Dq)eq+2 ∧ · · · ∧ en
=X1 ∧ · · · ∧Xq ∧ eq+2 ∧ · · · ∧ en +X1 ∧ · · · ∧ Xq−1 ∧ Dq ∧ eq+2 ∧ · · · ∧ en + · · ·
(5.5)+D1 ∧X2 ∧ · · · ∧Xq ∧ eq+2 ∧ · · · ∧ en + (terms with two Da or more).
From (5.3), it follows that eq+2, . . . , en, ξ¯ is an orthonormal basis of τtNxP , and the Da are in this
space, then the terms in (5.5) with two or more Da vanish (from the skewsymmetry of the cross vector
product), and, in the terms with only one Da , Da contributes to a nonzero summand only with its
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Y1 ∧ · · · ∧ Yq ∧ eq+2 ∧ · · · ∧ en
=X1 ∧ · · · ∧Xq ∧ eq+2 ∧ · · · ∧ en
(5.6)+
q∑
a=1
〈Da, ξ¯〉X1 ∧ · · · ∧ ξ¯(a) ∧ · · · ∧Xq ∧ eq+2 ∧ · · · ∧ en.
Taking e1, . . . , eq eigenvectors of LN , with corresponding eigenvalues k1, . . . , kq , and using (5.4) and the
properties of the cross vector product, we obtain
X1 ∧ · · · ∧ Xq ∧ eq+2 ∧ · · · ∧ en
= (cλ − k1sλ)e1 ∧ · · · ∧ (cλ − kqsλ)eq ∧ eq+2 ∧ · · · ∧ en
(5.7)= (cλ − k1sλ) · · · (cλ − kqsλ)ξ¯ = det(cλI − sλLN)ξ¯
and
〈Da, ξ¯ 〉X1 ∧ · · · ∧ ξ¯(a) ∧ · · · ∧ Xq ∧ eq+2 ∧ · · · ∧ en
= 〈Da, ξ¯〉
{
(cλ − k1sλ)e1 ∧ · · · ∧ ξ¯
(a)
∧ · · · ∧ (cλ − kqsλ)eq ∧ eq+2 ∧ · · · ∧ en
}
= sλ
〈
τtDea (u), ξ¯
〉{
(cλ − k1sλ)e1 ∧ · · · ∧ ξ¯(a) ∧ · · · ∧ (cλ − kqsλ)eq ∧ eq+2 ∧ · · · ∧ en
}
= (−1)n−asλ
〈
τtDea (u), ξ¯
〉
(cλ − k1sλ) · · · (cλ − ka−1sλ)(cλ − ka+1sλ) · · · (cλ − kqsλ)ea
(5.8)= (−1)n−asλ
〈
τtDea (u), ξ¯
〉
det(cλI − sλLu)|e⊥a ea.
From (5.2), (5.6), (5.7), (5.8) and the expression for volume(C), the theorem follows. 
Remark. Following the notation in [13, Vol. 4, Chapter 7], if P is a nicely embedded submanifold of Mnλ ,
any unit normal vector N can be decomposed as
N = N1 + · · · +N, with Nk ∈ Nork P and
DeaNk = −AkNk (ea)+DkeaNk + sk(ea,Nk),
with the convention that A1N1(ea) = 0 and s(ea,N) = 0.
Then, in general, all the (k + 1)th fundamental forms of P appear in the formula for volume(C),
a situation very different from that of volume(D) that we considered before. This dependence can be
checked taking helix h1 and h2 in R3 with the same curvature and different torsion, and considering,
in R4, the surfaces h1 ×R and h2 ×R.
6. When does volume(C) attain its lower bound?
From the formula of Theorem 5.1 we have
(6.1)volume(C)
∫
P×C
det
(
cλ
(
rp(z)
)
I − sλ
(
rp(z)
)
LNφx(z)(x)
)
dx ∧ dzp
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conditions, other than parallel motion, giving the equality in (6.1). Let us also remark that such an
equality implies that volume(C) depends only on the second fundamental form of P and not on the
successive ones.
For a hypersurface Cp of Mn−qλp it is possible to define the notion of q-symmetry with respect to p, just
changing Dp by Cp everywhere in Definition 4.2. In general, the lower bound given by (6.1) depends on
the motion φ and the second fundamental form of P , but, when Cp is q-symmetric with respect to p, the
same computations done in the proof of Theorem 4.4 show that there is the corresponding Weyl’s type
formula for the right hand of inequality (6.1) (just change everywhere Dp by Cp in formula (4.6) and in
the right hand of formula (4.5)), then it does not depend on the motion, and it is an intrinsic invariant
of P and Cp .
We shall see that, for most motions, the equality in (6.1) only holds when Cp is contained in a geodesic
sphere of Mn−qλp , and, for many others, the equality in (6.1) implies that Cp is a revolution submanifold.
First, we shall give technical conditions on the motion and the hypersurface Cp characterizing the
equality in (6.1). Then we shall describe more geometrically these conditions.
A hypersurface H of Mn−qλp is called a revolution hypersurface around a totally geodesic submanifold
V of dimension d < n − q − 1 if H is invariant by the natural action of SO(n − q − d) on Mn−qλp which
has the submanifold V as the set of fixed points. This is equivalent to say that, for every totally geodesic
submanifold M of dimension n−q−d orthogonal to V , the intersection M∩H is the union of geodesic
spheres of M with centre in M ∩ V (including the geodesic spheres of radius 0). In particular, when
d = 0, V is a point p and a revolution hypersurface around p is just a geodesic sphere with centre at p.
From now on, given a vector subspace V of NpP , and z ∈ expp V = V , by Mn−q−dλz we shall denote
the totally geodesic submanifold of Mn−qλp of dimension n−q−d through z and orthogonal to V if λ 0,
and the open ball of radius π2√λ and centre z of this submanifold when λ > 0.
Lemma 6.1. Let ϕ be a motion along P from p satisfying that the equality holds in (6.1) and
there is a vector subspace V of NpP of dimension d  n − q − 2
such that for every y ∈ Cp − expp V (that is, for every u = Ny(p) ∈NpP − V )
there are n − q − d − 1 points xq+d+2, . . . , xn ∈ P and vectors Xi ∈ TxiP
such that the vectors (ϕxi )−1DXiNu(xi), i = q + d + 2, . . . , n,
(6.2)are linearly independent and orthogonal to V,
then
(a) when d = 0, Cp is contained in a geodesic sphere in Mn−qλp . If, moreover, Cp is closed (compact
without boundary), then it is a sphere;
(b) when d > 0 and Cp is closed (and, when λ > 0, dist(z, expp V ) < π2√λ for every z ∈ Cp), Cp is a
revolution hypersurface around expp V .
Proof. The equality in (6.1) holds if and only if (det(cλI − sλLNu)|e⊥a )〈τtDea (Nu), ξ¯〉 = 0 for every a,
every u and every r satisfying expx rϕx(u) ∈ Cx , and, since we are before the focal points of P , this is
equivalent to
(6.3)〈τtDea (Nu), ξ¯ 〉= 0 for every u and every a,
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(6.4)〈τtDXi (Nu), ξ¯ 〉= 0 for every u and every i.
Moreover, since x → Nu(x) = ϕx(u) is a unit vector field,
(6.5)〈DXiNu,Nu〉 = 0,
and, since ϕx is an isometry, we get from (6.4) and (6.5) that〈
ϕ−1xi (DXiNu)xi , ξp
〉= 0 and
(6.6)〈ϕ−1xi (DXNu)xi , u〉= 0 for i = q + d + 2, . . . , n,
where ξx = τ−1t ξ¯x . If d = 0, (6.2) and (6.6) imply that ξp = u, that is, ξ¯p = grad rp , and this implies that
Cp is contained in a geodesic sphere. This finishes the part (a) of the lemma.
In order to prove the part (b), we shall show that the nonempty intersections of Cp with Mn−q−dλz ,
z ∈ expp V , are union of geodesic spheres of Mn−q−dλz .
From the hypotheses, Cp is contained in an open set where the exponential map on the normal
bundle NV to V in Mn−qλp is a diffeomorphism. Then, every point in Cp can be written, in a unique
way, as expz w, with z ∈ V and w ∈NzV . The map f :Cp → V defined by f (expz w) = z is C∞, and
Cp ∩Mn−q−dλz = f −1(z). Of course, the map f has a well defined C∞ extension f¯ on all Mn−qλp (or Mn−qλp
without the cut points of V if λ > 0), defined by the same expression.
For every z = expz w ∈ f −1(z), let γ (s) = expz s(w/|w|) be the geodesic from z to γ (|w|) = z. If
Ya(s), a = q+1, . . . , q+d are the Jacobi fields along γ (s) satisfying that {Ya(0)}q+da=q+1 is an orthonormal
basis of T zV and Y ′a(0) = 0; and Ji(s), i = q + d + 1, . . . , n, are the Jacobi fields along γ (s) satisfying
that Ji(0) = 0 and {J ′i (0)}ni=q+d+1 is an orthonormal basis of NzV , then
(6.7)f¯∗zYa
(|w|)= Ya(0) and f¯∗zJi(|w|)= 0.
Let Ps be the parallel transport along the geodesic γ (s). Since Mn−qλp has constant sectional curvature,
(6.8)Ya(0) is in the direction of P−1s Ya
(|w|).
Since f is the restriction of f¯ to Cp, it follows from (6.7) and (6.8) that
(6.9)z is a not regular point of f if and only if ξ¯z ∈ PsTzV.
Now, let us suppose that z is a regular value of f . Then, every connected component Cz of f −1(z) is a
compact regular submanifold of Cp of dimension n − q − d − 1, and, for every z ∈ Cz ⊂ Cp ∩Mn−q−dλz ,
ξ¯z /∈ PsTzV , and, for z = z, the u ∈NpP such that z = expp rp(z)u is not in V .
Let U be the totally geodesic submanifold of dimension d + 1 containing V and tangent to u at p. It
is obvious that 〈u〉 ⊕ V = TpU , where 〈u〉 denotes the vector space generated by u.
From (6.2) and (6.6), there are n−q−d−1 linearly independent vectors vi orthogonal to ξp , V and u.
Then, since u /∈ V , from the dimensions it follows that ξz ∈ TpU , and, taking the parallel transport τt ,
since U is a totally geodesic submanifold, ξ¯z ∈ τtTpU = TzU . Since the geodesic γ (s) is contained in U ,
PsTzV ⊂ TzU , and since ξ¯z /∈ PsTzV , we have
TzU = 〈ξ¯z〉 ⊕ PsTzV.
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〈ξ¯z〉 ⊕ PtTzV is orthogonal to Cz ⊂ Mn−q−dλz ∩ Cp . On the other hand, the gradient in Mn−q−dλz of the
distance to z is tangent to the geodesic γ (s), which is contained in U , then it is orthogonal to Cz. therefore
Cz is a geodesic sphere of Mn−q−dλz with centre at z or Cz = {z}.
Now, let us suppose that z is a critical value of f . From Sard’s Theorem, the set of critical values
of f has zero measure. Let Z be the arcwise connected component of the set of critical values of f
containing z. Let CZ be an arcwise connected component of f −1(Z).
If BdCZ = ∅, then CZ is open and closed in Cp, then CZ = Cp , and this implies Cp = f −1(Z). If there
be some point y ∈ Cp regular for f , it would have a neighborhood of regular points, and, by the rank
constant theorem, its image would be a neighborhood of f (y), which is impossible because f (Cp) = Z
has zero measure. Then Cp has no regular point of f . Thus, from (6.9) we have that
(6.10)ξ¯z ∈ PsTzV for every z ∈ Z and every z ∈ f −1(z).
Since Cp is compact, there is a point z ∈ Cp at maximal distance from V , and, at this point, the gradient
in Cp of the distance d in Mn−qλp to V must vanish, then, the gradient of d in Mn−qλp at z must be orthogonal
to Cp, that is, in the direction of ξ¯z, in contradiction with (6.10). Then we can conclude that BdCZ = ∅.
Now, let z ∈ BdCZ. Every connected neighborhood U of z in Cp has points zi such that f (zi) /∈ Z.
In fact, if U ⊂ f −1(Z), since z ∈ BdCZ, U ∩ (Cp − CZ) = ∅, and, since U is connected, the points in
U −CZ could be united to z by an arc in U , then in f −1(Z), therefore U ⊂ CZ, which is a contradiction.
So then, given z ∈ BdCZ, and the family {B(z,1/n)}n∈N of open balls in Mn−q−dλf (z) centered at z with
radius 1/n, we consider a family of connected neighborhoods Un of z in Cp satisfying Un ⊂ B(z,1/n).
From the above remark, for every n there is a z′n ∈ Un such that f (z′n) /∈ Z. Let cn be a curve in Un
joining z′n and z. The image of cn by f will be a curve in V joining f (z′n) /∈ Z with f (z) ∈ Z. Since Z is
an arcwise connected component of the set of critical values, there must be a regular value f (zn) in the
image by f of the curve cn. Take a point zn in this curve which image is f (zn), then zn ∈ Un ⊂ B(z,1/n)
and the sequence {zn}∞n=1 converges to z. From the above discussion on regular values, zn is in some
geodesic sphere Sn of Mn−q−dλf (zn) with centre at f (zn) ∈ V and contained in Cp.
For every p1 ∈ S1, we construct a sequence of points defined inductively in the following
way: given pn ∈ Sn, we take pn+1 as the point in Sn+1 closest to pn. Then dist(pn,pn+1) =
dist(Sn,Sn+1), and the sequence {pn} satisfies dist(pn,pn+1)  dist(zn, zn+1), then it is convergent
to some point p0 ∈ Cp (because Cp is closed). Moreover, for every n, f (pn) = f (zn), and f (z) =
limn→∞ f (zn) = limn→∞ f (pn) = f (p0) for every p1 ∈ S1, and we also have that dist(p0, f (z)) =
limn→∞ dist(pn, f (zn)) = limn→∞ dist(zn, f (zn)), then, independent on p1. Then, all the limits of the
sequences constructed above for every p1 ∈ S1 are contained in f −1(f (z)) ⊂ Mn−q−dλf (z) and in the
geodesic sphere S of centre f (z) and radius dist(f (z), z). On the other hand, all the points in S are
limit of one of these sequences: given p0 ∈ S, we can construct the sequence which nth element is the
point pn ∈ Sn closest to p0. Then, the points in S are limits of sequences with points in Sn, so S ⊂ Cp.
Since Cp is compact, and S ⊂ CZ, because it is in f −1(f (z))⊂ f −1(Z) and all points in S can be united
to z by an arc. Moreover, all the points in S are in BdCZ, because they are limits of sequences of points
with regular image by f . Then, all points in BdCZ are contained in geodesic spheres of Mn−q−dλz′ , with
z′ ∈ Z, and each one of these geodesic spheres is contained in BdCZ. Then, BdCZ is the union of some
geodesic spheres of Mn−q−dλz′ , with z′ ∈ Z.
Now, let y be an interior point of CZ in Cp. First two remarks:
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(i) Again by the rank constant theorem and the fact that f (CZ) ⊂ Z has measure zero, y is not a regular
point of f .
(ii) BdCZ ∩Mn−q−dλf (y) = ∅.
In fact, first we shall show that IntCZ ∩Mn−q−dλf (y) is an open set in Mn−q−dλf (y) . We know that Ty IntCZ =
TyCp ⊂ TyMn−q−dλf (y) ⊕ PsTf (y)V . Since y is not a regular point of f , (TyCp)⊥ ⊂ PsTf (y)V , then, from the
dimensions, TyMn−q−dλf (y) ⊂ TyCp = Ty IntCZ. Then y → TyMn−q−dλf (y) defines a (n − q − d)-dimensional
distribution ∆ on IntCZ which is the restriction to IntCZ of the distribution ∆ defined on Mn−qλp by the
same expression, and any vector field X on IntCZ tangent to ∆ can be extended to a vector field X defined
on a tubular neighborhood of IntCZ and tangent to ∆ by Xy ′ = Ps ◦ τf (y ′)f (y) ◦P−1s Xy , where y is the point
of IntCZ nearest to y′ and τf (y
′)
f (y) is the parallel transport along the minimizing geodesic joining f (y) and
f (y′). Then ∆ is involutive, and its integral leaves are open sets of Mn−q−dλz′ for z′ ∈ f (CZ), then every
y ∈ IntCZ ∩Mn−q−dλf (y) is contained in an open set of Mn−q−dλf (y) which is contained in IntCZ ∩Mn−q−dλf (y) , then
IntCZ ∩Mn−q−dλf (y) is open in Mn−q−dλf (y) . If BdCZ ∩Mn−q−dλf (y) = ∅, then CZ ∩Mn−q−dλf (y) = IntCZ ∩Mn−q−dλf (y) is
open and closed in Mn−q−dλf (y) , then CZ ∩Mn−q−dλf (y) = Mn−q−dλf (y) which is impossible because Cp (then CZ) is
compact.
From remark (ii) and the above study on the points in BdCZ it follows that BdCZ ∩Mn−q−dλf (y) is a union
of geodesic spheres, then there are two geodesic spheres S,S′ ⊂ BdCz ∩Mn−q−dλf (y) (perhaps with S′ = ∅
or just one point) satisfying that y ∈D = IntB−B′, where B and B′ are the closed geodesic balls bounded
by S and S′ respectively, and there is no geodesic sphere of Mn−q−dλf (y) contained in BdCZ ∩ Mn−q−dλf (y)
between S and S′. Let O be the maximal connected open set in Cp containing y and contained in
f −1(Z). If there is a point y′ ∈ D − O, then there must be a point in BdCZ ∩ D because, if not, the
exterior E of O must contain y′, and D can be decomposed as the union of the two open sets E ∩D and
O ∩D, and it will not be connected. Then, all the points in D are in CZ. Then, CZ is the union of some
geodesic spheres of some Mn−q−dλz . This finishes the proof of the lemma. 
Remark. The first reason for the separation of cases d = 0 and d > 0 in the above and the next lemmas
and theorems is technical: we used the hypothesis of closedness of Cp only when d > 0. The interest for
writing a statement without the closedness hypothesis resides on the existence of hypersurfaces strictly
contained on a geodesic sphere which are q-symmetric, which gives tubes with holes for which the
Weyl’s type formula is still valid. An easy example of 2-symmetric hypersurface of R3 contained in a
sphere is given by the union of bands of small radius around the equator and two meridians of the sphere
crossing under an angle of π/2.
Let ϕ be a motion along P from p. Let V be a vector subspace of NpP . We say that the restriction of
the motion ϕ to V is parallel if DXNu = 0 for every u ∈ V and every X ∈ T P .
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that the restriction of the motion ϕ to V is parallel. Let d be the dimension of V . If the condition (6.2)
holds for this vector space V , then
(a) when d = 0, the equality holds in (6.1) if and only if Cp is contained in a geodesic sphere in Mn−qλp .
If, moreover, Cp is closed, then it is a sphere;
(b) when d > 0 and Cp is closed (and, when λ > 0, dist(z, expp V ) < π2√λ for every z ∈ Cp), the equality
holds in (6.1) if and only if Cp is a revolution hypersurface around expp V .
Proof. After Lemma 6.1, it only remains to be proved that if Cp is a revolution hypersurface around
expp V , then the equality in (6.1) holds, which we know is equivalent to (6.3). In order to see that (6.3)
holds, let u ∈NpP −V be a unit vector; we can decompose u = u1 + u2, with u1 ∈ V and u2 ∈ V ⊥, then
〈DeaNu, ξ 〉 = |u2|〈DeaNu2/|u2|, ξ 〉.
Following the same notation than in the proof of Lemma 6.1, for every z = expp tu ∈ Cp we have that
(6.11)TzU =
〈
γ ′
(|w|)〉⊕ PsTf (z)V.
Since Cp is a revolution hypersurface, Cp ∩ Mn−q−dλf (z) is a geodesic sphere, then it is orthogonal to
γ ′(s) ∈ TzU . Moreover, Tz(Cp ∩ Mn−q−dλf (z) ) ⊂ TzMn−q−dλf (z) is orthogonal to PsTf (z)V . Then it follows
from (6.11) that Tz(Cp ∩ Mn−q−dλf (z) ) is orthogonal to TzU . But ξ¯ is orthogonal to Tz(Cp ∩ Mn−q−dλf (z) ), then
ξ¯ is tangent to TzU , and ξ ∈ TpU . Therefore, if we decompose ξ = ξ1 + ξ2, with ξ1 ∈ V and ξ2 ∈ V ⊥, we
have that ξ2 = cu2 for some constant c,
〈DeaNu2/|u2|, ξ 〉 = 〈DeaNu2/|u2|, ξ2〉 = 0.
If u ∈ V , it is obvious from the definition of V that DeaNu = 0. 
In order to get a more geometric interpretation of the above lemmas, we shall describe the motions
from p along P in a neighborhood of p as immersions of P in SO(n − q). For it, let us consider the
open set P [p] of P of all the points x ∈ P which can be joined to p by a unique minimizing geodesic
(P [p] = P iff P is starlike with respect to p, which includes the case where P is a complete Riemannian
manifold without the cut points of p). Let {ϕpx }x∈P [p] be the radial motion from p along P [p]. Given any
motion {ϕx}x∈P from p along P , we know that the corresponding maps ϕp, ϕ :P [p] × NpP → NP
are C∞, then, for every ξ ∈ NpP , the map from P [p] to NpP defined by x → (ϕpx )−1 ◦ ϕx(ξ) is
C∞. Moreover, since ϕpx and ϕx are isometries, ϕpp = ϕp = Id and P [p] is connected, we have that
(ϕ
p
x )
−1 ◦ ϕx ∈ SO(NpP ) ≡ SO(n − q) for every x ∈ P [p]. Then, to every motion ϕ from p along P we
can associate a C∞ map
A :P [p] → SO(n− q), A(x) = (ϕpx )−1 ◦ ϕx.
On a neighborhood of p, we can compose A with the inverse ln = e−1 of the exponential map
e :o(n − q) → SO(n − q) between the Lie algebra o(n − q) of SO(n − q) and SO(n − q). Then we
get that a motion ϕ has associated a C∞ map defined on a neighborhood of p in P [p] by
lnA :P [p] → o(n − q) x → lnA(x) :NpP →NpP.
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SO(n − q) as the group of rotations of NpP which has V as the set of fixed points, and it induces
an embedding of the algebra o(n− q − d) as a subalgebra of o(n− q), and V is the set of points in NpP
which go to 0 by the action of all the elements of o(n − q − d). From now on, o(n − q − d) will denote
any of these subalgebras.
Given a motion ϕ along P from p, and the associated map A :P [p] → SO(n − q), we shall us
denote by P˜ [p] the maximal starlike open set containing p on which lnA is well defined. Let d be
the maximal natural number such that there is a subalgebra o(n − q − d) of o(n − q) satisfying that
lnA(P˜ [p]) ⊂ o(n − q − d). Then
Theorem 6.3. If lnA(P˜ [p]) is not contained in any hyperplane of o(n− q − d) and the equality in (6.1)
holds, then
(a) when d = 0, Cp is contained in a geodesic sphere in Mn−qλp . If, moreover, Cp is closed, then it is a
sphere;
(b) when d > 0 and Cp is closed (and, when λ > 0, dist(z, expp V ) < π2√λ for every z ∈ Cp), Cp is a
revolution hypersurface around expp V , where V is the set of fixed points of NpP under the action
of SO(n− q − d).
Proof. First, we shall rewrite condition (6.2) using lnA. Let ∂ = gradP p. Now, let us observe that
(ϕxi )
−1D∂Nu(xi) = (ϕxi )−1 ◦ ϕpxi ◦
(
ϕpxi
)−1
D∂Nu(xi) = A(xi)−1
(
ϕpxi
)−1
D∂Nu(xi).
To write (ϕpxi )−1D∂Nu(xi) in terms of A, let eq+1, . . . , en be an orthonormal basis ofNpP , and let Aji (x)
be the matrix of A(x) in this basis. If u =∑ni=q+1 uiei , then
ϕx(u) = ϕpx
(
Ax(u)
)= n∑
i,j=q+1
A
j
i u
iϕpx ej =
n∑
i,j=q+1
A
j
i u
i
P
p
p(x)
(ej ),
then
D∂Nu =
n∑
i,j=q+1
∂A
j
i
∂
uiϕpx (ej ),
and, taking the composition on the left with A(x)−1 ◦ (ϕpx )−1,
(6.12)ϕ−1x D∂Nu = A(x)−1
∂A(x)
∂
(u) = ∂ lnA(x)
∂
(u).
Then, condition (6.2) is satisfied if the following condition (6.13) holds:
There is a vector subspace V of NpP of dimension d satisfying that
for every unit vector u = Ny(p) ∈NpP − V with y ∈ Cp, there are
points xq+d+2, . . . , xn ∈ P˜ [p] such that the vectors (lnA)∗xi (∂)(u)
(6.13)are linearly independent and orthogonal to V.
Now, we shall prove that, under the hypotheses of the lemma, condition (6.13) holds, then the thesis
will follow from Lemma 6.1. Since the elements of V under the action of o(n − q − d) go to zero, we
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(6.14)lnA(x)v = 0 for every v ∈ V and every x ∈ P˜ [p].
For every u = Ny(p) ∈NpP − V , let us define
k(u) = max
{
m; there are x1, . . . , xm; ∂ lnA
∂
(x1)(u), . . . ,
∂ lnA
∂
(xm)(u)
are linearly independent and orthogonal to V
}
.
From (6.14) and the definition of k(u), we have that, for every x ∈ P˜ [p], ∂ lnA
∂
(x)(u) is in the vector
space generated by ∂ lnA
∂
(x1)(u), . . . ,
∂ lnA
∂
(xk(u))(u). If (6.13) is not true, then there is a u = Ny(p) ∈
NpP − V such that k(u) n− q − d − 2. On the other hand, from the definition of P˜ [p], the geodesics
of P starting from p fill in all P˜ [p]. Given one of such geodesics γ (), its image lnA(γ ())(u) is a curve
in NpP through lnA(p)(u) and with tangent vector ∂ lnA(γ ())∂ (x)(u) in the vector space generated by
∂ lnA
∂
(x1)(u), . . . ,
∂ lnA
∂
(xk(u))(u). Then, for this u, the image of P˜ [p] by the map lnA(·)u :x → lnA(x)u
is contained in Ek(u), where Ek(u) is a vector subspace of NpP of dimension k(u) n − q − d − 2 and
orthogonal to V .
Now, let us write the matrices of the endomorphisms in o(n−q−d) using an orthonormal basis of V ⊥
(the complementary orthogonal to V in NpP ) of the form {u¯, eq+d+2, . . . , en}, where u¯ is the unit vector
in the direction of the projection u2 of u onto V ⊥, and identify o(n− q − d) with R(n−q−d)(n−q−d−1)/2 by
0 −aq+d+1 q+d+2 . . . −aq+d+1 n
aq+d+1 q+d+2 0 . . . −aq+d+2 n
...
...
. . .
...
aq+d+1 n aq+d+2 n . . . 0

→ (aq+d+1 q+d+2, aq+d+1 q+d+3, . . . , an−2 n, an−1 n).
With this identification,
lnA(x)(u) = |u2| lnA(x)(u¯)
= |u2|
(
0, lnA(x)q+d+1 q+d+2, . . . , lnA(x)q+d+1 n,0, . . . ,0
)
= |u2|πRn−q−d−1×{0} lnA(x) ∈ Ek(u),
then lnA(P˜ [p]) ⊂ (πRn−q−d−1×{0})−1(Ek(u)), which is a vector subspace of o(n − q − d) of dimension
(n − q − d)(n − q − d − 1)/2 − (n − q − d − 1) + k(u)  (n − q − d)(n − q − d − 1)/2 − 1, in
contradiction with the hypothesis. 
There are three undesirable facts in Theorem 6.3: (i) it applies only to a neighborhood P˜ [p] of p in P ;
(ii) it left outside of its hypotheses many interesting motions, like, in many cases, the same radial motion
from p, and (iii) it is only a necessary condition to have the equality in (6.1), and it will be desirable
to have some characterization of the equality. The next Theorem 6.4 overcomes the undesirable facts (i)
and (ii), and Theorem 6.6 overcomes (iii). To state these theorems we need to consider a motion from p
as a motion from an arbitrary point y.
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yϕx = ϕx ◦ ϕ−1y . Let us denote by Ay the map from P [y] to SO(n− q) associated to yϕ as above. Let dy
be now the maximal natural number such that lnAy(P˜ [y]) ⊂ o(n − q − dy), where o(n − q − dy) is the
subalgebra of the skewsymmetric endomorphisms o(n− q) of NyP which annihilates a vector subspace
Vy of NyP of dimension dy .
Theorem 6.4. For every y ∈ P , let dy be the number defined above. Let d = min{dy; y ∈ P }. If there is
some y ∈ P with dy = d satisfying that lnAy(P˜ [y]) is not contained in any hyperplane of o(n − q − d)
and we have the equality in (6.1), then
(a) when d = 0, Cp is contained in a geodesic sphere in Mn−qλp . If, moreover, Cp is closed, then it is a
sphere;
(b) when d > 0 and Cp is closed (and, when λ > 0, dist(z, expp ϕ−1y Vy) < π2√λ for every z ∈ Cp), Cp is
a revolution hypersurface around expp ϕ−1y Vy .
Proof. Just apply Theorem 6.3 to the motion yϕ and recall that Cy and Cp are isometric. 
Remarks. When d = 0, it is possible to show, by standard arguments of generic geometry, that the
condition of Theorems 6.3 and 6.4 are generic, that is, the family of motions satisfying this condition
contains an open and dense set in the space of motions with an appropriate topology.
When d > 0, the condition is generic among all the motions for which there is a subspace V of NpP
of dimension d such that the motion restricted to V is parallel. These kind of motions exist on every
submanifold P having a subbundle of NP of rank d with trivial D-holonomy.
Theorems 6.3 and 6.4 generalize Theorem 4.4 in [2] in two directions. On one side, it is allowed for
the dimension q of P to be greater than 1. On the other side, even in dimension q = 1 it characterizes
the revolution hypersurfaces as the only ones where we can get the minimum for volume(C) for motions
which are parallel only restricted to some subspace V , proving something that the reading of example in
[2, Remark 4.7] can easily suggest.
Lemma 6.5. The restriction of a motion ϕ along P from p to a vector subspace V of NpP is parallel if
and only if, for every y ∈ P , the restriction of yϕ to Vy = ϕy(V) is radial. In particular, a motion ϕ is
parallel if and only if, for every y ∈ P , yϕ is radial.
Proof. It is obvious that if the restriction of ϕ to V is parallel then the restriction of yϕ to Vy is radial.
Now, let us suppose that yϕ restricted to Vy is radial for every y ∈ P . For every x ∈ P , let v1, . . . , vq be
a basis of TxP , and consider the points yi = expx tivi ∈ P , 1 i  q. For each u ∈ V, the normal vector
field Nu :x → ϕx(u) satisfies Nu(x) = ϕx(u) = (yiϕ)x(ϕyi (u)) = Nyiϕyi (u)(x), where Nyiv :x → yiϕx(v) is
the unit normal vector field associated to v for the motion yi ϕ. Then
DviNu = DviNyiϕyi (u) = 0,
because yiϕx is the D-parallel transport along the geodesic of P starting from yi with tangent vector −vi
at x. This shows that ϕ is a parallel motion when restricted to V. 
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a y ∈ P satisfying that lnAy(P˜ [y]) is not contained in any hyperplane of o(n − q − d), then
(a) when d = 0, we have the equality in (6.1) if and only if Cp is contained in a geodesic sphere in Mn−qλp .
If, moreover, Cp is closed, then it is a sphere;
(b) when d > 0 and Cp is closed (and, when λ > 0, dist(z, expp V ) < π2√λ for every z ∈ Cp), we have
the equality in (6.1) if and only if Cp is a revolution hypersurface around expp Vp.
Proof. After Theorem 6.4, we have only to prove that if Cp is a revolution hypersurface around expp V ,
then V satisfies the hypothesis of Lemma 6.2. But this is a consequence of Lemma 6.5. 
Corollary 6.7. If n− q = 2 and ϕ is not a parallel motion, the equality holds in (6.1) if and only if Cp is
an arc of a geodesic circle of M2λp .
Proof. This result will follow from Theorem 6.6(a) if we show that, when n − q = 2, not to be parallel
implies that there is a y ∈ P such that lnAy(P˜ [y]) is not contained in any hyperplane of o(n − q). By
Lemma 6.5, if ϕ is not parallel, there is a y ∈ P such yϕ is not radial. Therefore Ay is not constant, and,
then, it is not contained in an affine hyperplane of o(2) which has dimension 1. 
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